DEGREE GROWTH OF MONOMIAL MAPS 
AND MCMULLEN'S POLYTOPE ALGEBRA 



CHARLES FAVRE AND ELIZABETH WULCAN 

Abstract. We compute all dynamical degrees of monomial maps by interpreting them 
as mixed volumes of polytopes. By exploiting further the isomorphism between the poly- 
tope algebra of P. McMullen and the universal cohomology of complete toric varieties, 
we construct invariant positive cohomology classes when the dynamical degrees have no 
resonance. 



1. Introduction 

Some of the most basic information associated to a rational dominant map / : ¥ d — * ¥ d 
is provided by its degrees deg fc (/) := deg/ _1 (Lfc), where is a generic linear subspace of 
F d of codimension k, see p!14lbelow for a formal definition. From a dynamical point of view, 
it is important to understand the behaviour of the sequence deg fc (/ n ) as n — > oo. It is not 
difficult to see that deg fc (/ m+n ) < deg k (f m ) deg fc (/ n ), and thus following Russakovskii- 
Shiffman |RS| we can define the k-th dynamical degree of f as \k(f) := lim n deg fc (/ n ) 1//n . 
Basic properties of dynamical degrees can be found in [RSI IDS] . Our main objective is to 
describe the sequence of degrees deg fc (/ n ) in the special case of monomial maps /, but for 
arbitrary k. 

Controlling the degrees of iterates of a rational map is a quite delicate problem. Up to 
now, most investigations have been focused on the case d = 2 and k = 1, see |DF}IFJ] and 
the references therein. There are also various interesting families of examples for k = 1 
in arbitrary dimensions in e.g. [AABMj IAMVI IBKll IBK3j IBHMj |Nj. In particular, the 
case of monomial maps and k = 1 is treated in [BK21 \F&\ \HP\ \JW\ IL"] . On the other 
hand, there are only few references in the literature concerning the case 2 < k < d — 2, 
Og,[DNj. An essential problem arises from the difficulty to explicitly compute deg fc (_f ) 



see 

even in concrete examples. This can be overcome in the case of monomial maps, since tools 
from convex geometry allow one to compute these numbers in terms of (mixed) volumes 
of polytopes. This technique has already been used to compute all degrees of the standard 
Cremona transformation in arbitrary dimensions by Gonzalez-Springer and Pan [GSP]. 

Monomial maps on ¥ d correspond to integer valued d x d matrices, M(d,Z). Given 
A G M(d, Z) we write 4>a for the corresponding monomial map (/)a(xi, . . . , Xd) = 
(Y\j x ^ jl ^ ■ ■ ■ i Wj xC j 3d ) with (xi,...,Xd) € (C*) d . This mapping is holomorphic on the 
torus (C*) d and extends as a rational map to the standard equivariant compactification 
P d D (C*) d . Moreover 4>a is dominant precisely if det(^4) 7^ 0. Observe that = (f>A n 
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for all n. If a n and b n are sequences of positive real numbers, we write a n X b n if 
C _1 < a n /b n < C for some C > 1 and all n. 

Theorem A. Let A € Af (d, Z) and /et <^>a : P d --■ *• P d 6e t/ie corresponding rational map. 
Assume that det(A) ^ (so that 4>a is dominant). Then, for < k < d, 

(1.1) deg fc (^) x || A*A"H, 

where A k A : A k M. d — > A k M. d is the natural linear map induced by A and \\ ■ \\ is any norm 
on End(A fcl1 



Corollary B. Let 4>a and A be as in Theorem A. Order the eigenvalues of A in decreasing 
order, \p\\ > j/^j > ... > \pd\- Then the k-th dynamical degree of the monomial map <f>A 



is equal to Y[\ \pj\. 



Recall that the topological entropy of a rational map / : X —* X on a projective 
variety is defined as the asymptotic rate of growth of (n, e)-separated sets outside the 
indeterminacy set of iterates of <f>, see |DSj for details. On the one hand, the topological 
entropy of a monomial map is greater than its restriction to the compact real torus {\xi \ = 
1} C (C*) d which is equal to log(rj 1 max{l, |pi|}), see |HP1 Sect. 5]. On the other hand, it 
is a general result due to Gromov [G], and Dinh-Sibony [DS] that max^ log is an upper 
bound for the topological entropy. By Corollary B, log(f3^ max{l, \pi\}) = max^logAfe. 
Thus we have 

Corollary C. Let X be a projective smooth toric variety, let A be as in Theorem A, and 
let <pA ■ X — > X be the induced rational map. Then the topological entropy of 4>a is equal 
to maxlogAfc. 

We note that Theorem A and its two corollaries have been obtained independently by 
Jan-Li Lin, [L2], by different but related methods. His approach relies on the notion of 
Minkowski weights. 

By Khovanskii- Teissier's inequalities, the sequence k i-> logdeg fc (/) is concave so that 
we always have A|,(/) > X^-iif) ^k+i(f) for any 1 < k < d — 1. Our next result gives a 
more precise control of the degrees when the asymptotic degrees are strictly concave. It 
can be seen as an analogue of |BFJl Main Theorem] in the case of monomial maps but in 
arbitrary dimensions. 

Theorem D. Let A £ M(d, Z) and let <j>A '■ ^ d be the associated rational monomial 

map. Write A& = Xk(<pA)- Assume that det(^4) ^ and that for some 1 < k < d — 1 the 
dynamical degrees satisfy 

(1.2) A| > Ajb— i Afc+i • 

Then there exists a constant C > and an integer r > such that, for this k, 

Afc-i Afc+i 



(1.3) deg fc (^) = CAJ + [n 



Theorems A and D (and thus Corollary B) hold true for ¥ d replaced by a projective 
smooth variety, cf. Remark 16.21 

For k = 1 Theorem A is proven in [HP| . and Theorem D is due to Lin [L], Thms 6.6-7]. 
In fact, there are finer estimates for the growth of 4>a- For example, Bedford-Kim [BK2 
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gave a description of when deg 1 (0^) satisfies a linear recurrence; in particular, it happens 
if \pi\ > \p2\- We do not know if the assumption in Theorem D is sufficient for deg k ((p r A ) 
to satisfy a linear recursion. This problem is related to the construction of a toric model 
X(A) dominating F d such that the induced action 4>* A : H k (X(A),R) -> H k (X(A),R) of 
the monomial map <j>A commutes with iteration; or, in the terminology of Fornaess-Sibony, 
a model in which the map induced by 4>a is stable. This very delicate problem is treated 
in detail in various papers by Bedford-Kim [BK2J, the first author |Fa| , Hasselblatt- 
Propp [HP], Jonsson and the second author [JW], and Lin [L] in the case k = 1. We do 
not address this problem here. 

Let us briefly explain the idea of the proofs of Theorems A and D. The degree deg k ((pA) 
can be naturally interpreted as an intersection number deg k ((j)A) = 4>* A 0(l) k ■ Q(i) d ~ k . 
Recall that any polytope P with integral vertices determines a toric variety X(Ap) and 
a line bundle Lp over X(Ap). Conversely, any line bundle on a toric variety that is 
generated by its global sections determines a polytope. Using this correspondence, one 
can compute intersection products of line bundles in a toric variety in terms of mixed 
volumes of polytopes, see |Odl p. 79]. More precisely, given any two polytopes P, Q giving 
rise to two line bundles Lp,Lq on the same toric variety, then the intersection product 
L P ■ L d Q k is given as the mixed volume d\ Vol(P[fc], Q[d — k]), i.e., (a constant times) the 
coefficient of t k in the polynomial Vol(tP + Q). Since 0(1) over ¥ d corresponds to the 
standard simplex C Q d , and the action of ^ on Lp corresponds to the linear action 
of A on P it turns out that the proofs of Theorems A and D amounts to controlling the 
growth of mixed volumes under the action of the linear map A: 

(1.4) deg fc (^) = d\ Vol (A n (X d )[k],Z d [d - k]) . 

The computation of mixed volumes is in general quite difficult. However, since we are 
interested in the asymptotic behaviour of deg fc we may replace by a ball, which allows 
us to apply the Cauchy-Crofton formula, see Section 15.31 When A is diagonalizable, one 
can avoid this geometric-integral formula and work in a basis of diagonalization of A to 
estimate directly the growth of deg fc (</>^), see Section [57T1 

For dynamical applications it is often crucial to construct invariant cohomology classes 
with nice positivity properties. In Section we explain how to construct such invariant 
classes for monomial maps satisfying the assumptions of Theorem D. Our Corollary 17.21 is 
an analog of [BFJ, Corollary 3.6] in the toric setting and in arbitrary dimensions. However 
these classes do not live in the cohomology groups of a particular toric variety, but rather 
on the inductive limit of all cohomology groups JI fc := \i^H 2k (X(A),R) over all toric 
models. This idea has already been fruitfully used in dynamics in [C jlBFJj . and we propose 
a general framework to study the action of monomial maps on these spaces. 

To this end, we rely on a beautiful interpretation of Jl in terms of convex geometry 

due to Fulton-Sturmfels |FSj . see also [B]. Namely, the classes in II* are in one-to-one 
correspondence with the classes in P. McMullen's polytope algebra. The polytope algebra 
n is the M-algebra generated by classes [P] of polytopes with vertices in Q d , with relations 
[P + v ] = [P] for v £Q d and [P U Q] + [P n Q] = [P] + [Q] whenever P U Q is convex. It 
is endowed with multiplication [P] ■ [Q] := [P + Q], where P + Q denotes the Minkowski 
sum. To any polytope P, we can attach the Chern character of its associated line bundle 
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Lp, and this defines a linear map ch : II — > H , which is, in fact, an isomorphism of 
algebras, [HES]. It holds that (f)* A ch[P] = ch[A(P)}. 

The isomorphism ch : IT — > H extends by duality to an isomorphism between the 

space of linear forms on II and IK*. We will call elements in the former space currents. 
The invariant cohomology classes alluded to above correspond to a very special type of 
currents obtained by taking the volume of the projection of the polytope on suitable linear 
subspaces. 

Although strictly not needed for the proofs, the formalism of currents on the polytope 
algebra is mainly motivated by our endeavour of constructing invariant classes for mono- 
mial maps. However, we note that the space of currents contains classical objects from 
convex geometry, such as valuations in the sense of |MSj . We think that it would be 
interesting to further explore this space; e.g. investigate positivity properties of currents 
and define (under reasonable geometric conditions) the intersection product of currents. 

The paper is organized as follows. Sections [2] and [3] contain basics on toric varieties 
and the polytope algebra, respectively. In Section [4] we discuss dynamical degrees on toric 
varieties and, in particular, we derive (|1.4j) . The proof(s) of Theorem A (and Corollary B) 
occupies Section [5j whereas Theorem D is proved in Section [6j and invariant classes of 
monomial maps are constructed in Section [3 

Acknowledgement: We thank the referee for a careful reading and for many helpful sug- 
gestions, and J.-L. Lin for many interesting discussions. 

2. Toric varieties 

A toric variety X over C is a normal irreducible algebraic variety endowed with an 
action of the multiplicative torus G^ := (C*) d which admits an open and dense orbit. 
This section contains the necessary material from toric geometry that will be needed for 
the proof of our results. Our basic references are [Ful IQd] . 

2.1. Fans and toric varieties. Let N ~ Z d be a lattice, i.e., a free abelian group, of 
rank d, denote by M = Hom(iV, Z) its dual lattice, set Nq := N ® z Q and 7V R := N <8> z R, 
and analogously define Mq and Mr. 

A rational polyhedral strictly convex cone a C JVr is a closed convex cone generated 
by finitely many vectors lying in N, and such that a n —a = {0}. Its dual cone a := 
{m £ Mr, u{m) > for all u £ o~} is a finitely generated semi-group. Thus a defines an 
affine variety U a := SpecC[<r n M]. The torus = SpecC[M] is contained as a dense 
orbit in U a and the action by G^ on itself extends to U a , which makes U a a toric variety. 
Conversely, any affine toric variety can be obtained in this way. 

If a is simplicial, i.e., it is generated by vectors linearly independent over R, then U a has 
at worst quotient singularities. The toric variety U a is smooth if and only if a is simplicial 
and generated by d vectors ei, . . . , forming a basis of iV as an abelian group; such a a 
is said to be regular. 

A fan A is a finite collection of rational polyhedral strictly convex cones in such 
that each face of a cone in A belongs to A and the intersection of two cones in A is a face 
of both of them. A fan A determines a toric variety X(A), obtained by patching together 
the affine toric varieties {C/ CT } CTg A along their intersections in a natural way. If all cones 
in A are simplicial then A is said to be simplicial and if all cones are regular, then A is 
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said to be regular; X(A) is smooth if and only if A is regular. If Uo-eA a = then A 
is said to be complete. The toric variety A (A) is compact if and only if A is complete. 
Unless otherwise stated, we will assume that all fans in this paper are complete. 

There is an one-to-one correspondence between cones of A of dimension k and orbits of 
the action of G^ on X(A) of codimension k. We denote the closure of the orbit associated 
with a cone a G A in X(A) by X{a). In particular, 1-dimensional cones correspond to 
(irreducible) G^-invariant divisors. 

A fan A' refines another fan A if each cone in A' is included in a cone in A. 

2.2. Equivariant (holomorphic) maps. Given a group morphism A: M — > M, we will 
write A also for the induced linear maps Mq — > Mq and Mr — > Mr. Morever, we let A 
denote the dual map N — > N, as well as the dual linear maps Nq — >• Nq and Ar — >• Ar. 
It turns out to be convenient to use this notation rather than writing A for the map on 
N and A for the map on M. 

A map of fans A : (A, A2) — > (A, Ai) is a linear map ^4 : Ar — > Ar that preserves A 
and satisfies that the fan ^4(A2) := {/4(c) : cr G A2} refines Ai. If <ti G Ai and 02 G A2 
satisfy that A{u2) Q ci, then the dual map ^4 : M — >■ M maps <7i to 02 and induces a map 
A : C[<7i PI M] — » C[o"2 n M], which, in turn, induces a map (f>A '■ U a2 —> U ai . These maps 
can be patched together to a holomorphic map 4>a ■ X(A2) — > X(Ai) which is equivariant 
in the following sense: Denote by pa ■ — »■ G^ the natural group morphism induced by 
the ring morphism A : C[M] — > C[M]. Then for any x G X(A2), and any g G G^, one has 
4>a{9 ' x) = pA(g) • <^a(^)- Conversely any equivariant holomorphic map X(A2) — > X(A\) 
is determined by a map of fans A : (AT, A2) — > (AT, Ai). 

The map 0^ is dominant if and only det(A) 7^ and the topological degree of 4>a equals 
|det(A)|. 

2.3. Universal cohomology of toric varieties. Let A be a complete simplicial fan. 
Then X(A) has at worst quotient singularities, its cohomology groups H J (X(A)) : = 
Hi (X (A) ,M.) with values in R vanish whenever j is odd, and H* (X(A)) is generated as 
an algebra by the G^-invariant divisors LY(<r)], where a runs over the 1-dimensional cones 
in A. 

We let D denote the set of all complete simplicial fans in A^ and endow it with a partial 
ordering by imposing A -< A' if (and only if) A' refines A. For any two fans A, A' G D, 
one can find a third fan A" refining both; hence D is a directed set. Assume A -< A'. Then 
the identity map on A^ induces a map of fans id^' a : {N, A') — > (N, A), and thus yields 
a natural birational morphism ir := <f>id A , A : X(A') — > X(A). This map induces linear 
actions on cohomology, tt* : H*(X(A)) H*(X(A')) and tt* : H*(X(A')) -> H*(X(A)) 
that satisfy 7r*7r* = id; in particular, the map 7r* is surjective and tt* is injective. 

The pushforward 7T* and pullback ir* arrows make J) into an inverse and directed set, 
respectively, and so the limits 

:= Umirpr(A)) and I|* := limi7*(AT(A)) 

are well-defined infinite dimensional graded real vector spaces. We will refer to JC* and 
as the universal (inverse respectively, direct) cohomology of toric varieties. 

In concrete terms, an element oj G JC* is a collection of incarnations wa G H* (X (A)) 
for each A G D , such that 7r* (wa' ) = wa if A -< A' and tt = 4>id A , A • An element 
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oj G I| is determined by some class wa G H*(X(A)), and two classes wa, G H*(X(Ai)), 
i = 1,2 determine the same class in H* if and only if there exists a common refinement 
A' >- Aj such that 7t*(o;ai) = ^2(^2) ^ n i = 0id A , A - Note that the map that sends 
wa G iT*(X(A)) to the class it determines in H* is injective. 

We endow "K* with its projective limit topology so that ojj — > oj if and only if ojj t A — > wa 
for each fan A G D. Then I| is dense in . 

Each cohomology space H* (X (A)) has a ring structure coming from the intersection 
product which respects the grading so that oja ■ t/a G H 2 ( l+ 'j\X{A)) if oja G _ff 2 *(X(A)) 
and r/A G -ff 2j, (A(A)). Given classes oj and 7/ in H , pick A G D so that they are 
determined by wa and r/A, respectively, and let oj ■ rj be the class in JI* determined by 
oja -iJA- It is not difficult to check that this definition of oj ■ r\ is independent of the choice 
of A. Hence, in this way, JI is endowed with a natural structure of a graded M-algebra. 

More generally, given oj G OK* and r/ G J|*, pick A such that 77 is determined by r/A and 

let oj ■ rj be the class in "K* determined by oja • tja- Again, this product is well-defined and 
independent of the choice of A and so "K is a H -module. Note, however, that it is not 

possible to define a ring structure on "K* that continuously extends the one on II*. 

Since the intersection product H 2 i(X(A)) x H 2 ^\X{A)) -> M is a perfect pairing 
for each A G D by Poincare duality, the pairing Ji 2 ^ x I| 2 ( d- -?) — ^ 3R is also perfect and 

thus jH* and I|* are naturally dual one to the other. 

2.4. Toric line bundles. The Picard group PicX(A) of a toric variety -X"(A) is generated 
by classes of G^-invariant Cartier divisors. These divisors can in turn be described in 
terms of functions on ]Vr as follows. Let PL (A) be the set of all continuous real- valued 
functions h on |A| C iNfo that are piecewise linear with respect to A, i.e., such that for any 
cone a G A there exists m = m(a) G M with h\ a = m. Given any 1-dimensional cone 
a of A, the associated primitive vector is the first lattice point U{ met along a = M>oiii. 
Let A(l) = {uj} C N be the set of primitive vectors of 1-dimensional cones in A. With 
h G PL(A), we associate the Cartier divisor D(h) := J2 h{ui) X(R>oUi). The map sending 
h G PL(A) to 0(—D(h)) G Pic(X(A)) is surjective and the kernel is the space of linear 
functions M C PL(A). By taking the first Chern class, we get a linear map: 

(2.1) 6i : PL(A) -> H 2 (X(A)) , h ^ 6i(/i) = Cl (0(-D(h)) . 

When X(A) is smooth, the kernel of 0i is M and the image is precisely H 2 (X(A), Z). 
Note that @i extends by linearity to PLq(A) := PL(A) ®z Q, corresponding to Q-line 
bundles, with image H 2 (X(A),Q). 

Let A : (N, A2) — > (N, A±) be a map of fans, inducing a holomorphic map 4>a '■ A(A2) — > 
X(Ai), and pick h G PL(Ai). Then the pullback <fi* A D(h) is a well-defined Cartier divisor 
on X(A2), equal to D{h o A). It follows that 

(2.2) <j)* A Qi{h) = ®i{hoA). 

There is a link between positivity properties of the classes in H 2 {X(A)) and convex 
geometry. A function h G PL(A) is said to be strictly convex (with respect to A) if it is 
convex and defined by different elements h\ a G M for different d-dimensional cones a € A. 
Recall that on a complete algebraic variety, a Cartier divisor D is nef if D ■ C > for any 
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curve C . The line bundle 0(—D(h)) over X(A) is nef if (and only if) h G PL(A) is convex 
and it is ample if (and only if) h is strictly convex. 

A function h in PL(A) determines a (non-empty) polyhedron 

P(h) := {m G Mr, m < h} C Mr . 

If /i is strictly convex with respect to some fan, then P(h) is a compact lattice poly tope in 
Mr, i.e., it is the convex hull of finitely many points in the lattice M, and it has non-empty 
interior. Conversely, if P C Mr is a lattice polytope, then the function 

(2.3) hp(u) := sup{m(u), m G P} 

is a piecewise linear convex function on ]Vr. If Ap denotes the normal fan of P (see |Fu} 
Section 1.5] for a definition) then hp G PL(A) precisely if A refines Ap and it is strictly 
convex with respect to Ap. If hp G PL(A) then A is said to be compatible with P. 

If A : (N, A 2 ) (iV, Ai) is a map of fans, note that (ho A) = AP(h). If A is compatible 
with P and Q, then the intersection product 

(2.4) 0(-D(h P )f ■ 0(-D(h Q )) d - k = d\ Vol(P[fc], Q[d - fc]), 
where Vol is the mixed volume as defined in Section l33j see [Od|. p. 79]. 

Example 2.1. Take a basis ej, . . . , of JV with dual basis e\, . . . , e* d , and set eo := — X)i e «- 
Let A be the unique fan whose d-dimensional cones are the d+1 cones o"j = ^Cjyi^>o e j- 
Then X(A) is isomorphic to the projective space ¥ d . Let h be the unique function in 
PL(A) that satisfies h(eo) = 1 and h(e{) = if i > 1; note that /i is strictly convex with 
respect to A. Then 0(—D(h)) = Opd(l) and moreover the polytope Pd{K) ls the standard 
simplex 

d d 

S d := {u = s i e *i, Si<0,Y. Si - ~^ C Mr ■ 
l l 

2.5. Piecewise polynomial functions. Higher cohomology classes of toric varieties in 
2) can be encoded in terms of (piecewise) polynomial functions on ]Vr. 

Given a fan A, let PP(/c, A) be the set of piecewise polynomial functions (with respect 
to A) of degree k, i.e, continuous functions h : iVR — > R such that for each cone a € A, the 
restriction /t| CT = Y^ m ii ® ' ' ' ® m i € M, is a homogeneous polynomial of degree fc. 
Note that PP(1, A) = PL(A). Moreover, note that h®ti G PP(A; + k', A) if /i G PP(it, A) 
and h' G PP(/c', A), so that PP(A) := ® k PP(&, A) is a graded ring. 

From now on, assume A G 2), and let a be a j-dimensional cone in A. Since a 
is simplicial it is generated by exactly j primitive vectors in A(l) = {m, . . . ,un}, say 
ui,..., Uj, and so x G a = J2i=i^>o u i admits a unique representation x = J2i=i x i u i 
with Xi > 0. It follows that h\ a has a unique expansion h\ a (x) = 

where 

the sum ranges over all I = . . . , i^} C {1, . . . , j}. 

We can now define a linear map G fc : PP(fc,A) H 2k (X(A)) by Q k (h) := J2 a i x i> 
where the sum ranges over all / = {ii,...,ifc} C {1, ...,iV}, X/ is (the class of) the 
intersection product X(R> u il ) • . . . • X(R> u ik ), and a/ is the coefficent of 
h\o- defined above if a = ^ R>o'"if is a cone in A and aj = otherwise. 

By patching the maps 0^ together, we obtain a graded map G : PP(A) — > 
H*(X(A)), h !->■ &k(hk), where hk is the A;-th graded piece of h. Note that is also a 
ring morphism since Q(hh') = Q(h) Q(h') for any h, h' G PP(A). If X(A) is smooth the 
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image of 6 is H*(X(A), Z). As for Gi we can extend G to PPq(A) := PP(A) <8> z Q, with 
image H*(X(A),Q). 

2.6. Equivariant rational morphisms. Let A : Mjg — » Mjj be a linear map that pre- 
serves M, Take A, A' € 2) such that A' refines A and A -1 (a) is a union of cones in A' for 
each a G A. Then A : (N, A') — > (JV, A) is a map of fans, inducing a holomorphic equivari- 
ant map Ja ■ X(A') —> X(A). Let tt : X(A') —> X(A) be the equivariant birational map 
induced by id A ',A : (N, A') -> (iV, A), and let (f) A := /a ovr^ 1 . Then A : X(A) — -> Z(A) 
is a rational map that is equivariant under the action of G^. Conversely, any equivariant 
rational self-map on -X"(A) arises in this way. The map <pA is holomorphic precisely if 
A -< A(A) and it is dominant precisely if det(-A) / 0. 

Let ei,...,e<j be a basis of M and let e*,...,ej be the corresponding basis of N. 
Then A = Yl a ij e i ® e j> f° r some a^- G Z. If xi,...,Xd are the induced coordinates 
on G~j, then ^ restricted to G^ is the (holomorphic) monomial map </>a(xi, . . . , x^) = 

Recall that a dominant holomorphic map (f> : X' — > X induces linear actions on coho- 
mology 4>* : H*(X) -> H*(X') and (j>* : H*(X') -)• Assume that 4> A is dominant. 

Then we define the pushforward (<Pa)» '■ H*(X(A)) — > H* (X(A)) as the composition 
{(j) A ) m ■- (f A )t o tt*, and the pu/ftac*; ^ : H*(X(A)) -> H*(X(A) as <j>\ := tt* o /*. It is 
readily verified that (4>a)» and 0^ do not depend on the choice of A'. We insist on writing 
{4>a)»-> 4>a m stead of ((/)a)*, 4>*a since one does not have good functorial properties, e.g. 
(4> B o 4>a), ° {4>a)* in general. 

The linear map A also induces natural linear actions (j)* A : FI — )• FI and ((f) a)* ■ 9~C — > 

'K* , defined as follows. Suppose r\ is a class in Ft* determined by t/a € H*(X(A)). Pick 
S) 9 A' >- A such that the map /a '■ A(A') — > X(A) induced by A is holomorphic, 
and define <j) A r} to be the class in FI determined by f^VA G H*(X(A')). Next, suppose 

to G 'K* . The incarnation of (</>a)*w in H*(X(A)) for a given A G 2) is defined as 
(</>a)*<^a := (/a)*was where A' is choosen as above. It is not hard to check that (j) A 
and (4>a)* are independent of the choice of refinement A', and moreover that (4>a)* is 
continuous on "K* , 4>* BoA = 4>* A o^, {4>boa)* = {<Pb)* ° (0a)*, [4>a)* ° (<£a)* = |det(^)[, 
and (4>a)*u ■ V = OJ • (4>a)*V for any two classes uj G 'K 2j , 77 G F£ 2 ( d ~J). 

Given /i G PL(A), the first Chern class @i(h) G -ff 2 (X(A)) determines a class in FI*, 
also denoted by @i(h), that satisfies 

(2.5) </>* A (e 1 (h)) = e 1 (haA)m 4* , 

which follows in light of (12.21) . 

3. The polytope algebra 

3.1. Definition. Given any finite collection of convex sets K\, . . . , K s C Mr, we let 
K\ + • • • + K s denote the Minkowski sum K\ + • • • + K s := {x\ + ■ • ■ + x s \ Xj G Kj}. For 
any r G K>o, we also write ri^- := {rx \ x G Kj}. A polytope in Mq is the convex hull of 
finitely many points in Mq. 

We now introduce the polytope algebra IT = FI(Mr) which is a variant of the original 
construction of P. McMullen [M]. It is the M-algebra with a generator [P] for each polytope 
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P in Mq, with [0] =: 0. The generators satisfy the relations [P U Q\ + [P n Q) = [P] + [Q] 
whenever PL)Q is convex, and [P+f] = [P] for any t E Mq. The multiplication in II is given 
by [P] ■ [Q] := [P + Q], with multiplicative unit 1 := [{0}]. The polytope algebra admits a 
grading II = © fe=0 11^ such that 11^ • IT; C Hk+i- The k-ih graded piece Hfc is the R- vector 

space spanned by all elements of the form (log[P]) fc , where log[P] := Ylt=i ^""7 — ([P] ~~ 
and P runs over all polytopes in Mq. The top-degree part 11^ is one-dimensional, and 
multiplication gives non-degenerate pairings IT,- x Hd—j — > 11^. Given a £ II, we will write 
afc for its homogeneous part of degree k. 

The lattice M determines a (canonical) volume element on Mr, which we denote by Vol. 
It is normalized by the convention Vol(P) = 1 for any parallelogram P = {Y2 s i e ii < 
Si < 1} such that e*, . . . , e* is a basis of the lattice M. In particular, the volume of the 
standard simplex Vol(S^) is l/d\. There is a canonical linear map Vol : II M defined 
by Vol([P]) = Vol(P). This map is zero on all pieces n& for k < d — 1, and it induces an 
isomorphism Vol : ILj — ► K. 

Let A : Mq — > Mq be a linear map. Then A induces a linear map II — > II, defined 
by [P] i— s> [A(P)]; we shall denote it by A* : H — > II. Note that A* is actually a ring 
homomorphism since -A*([P] • [Q]) = [A{P + Q)\ = A*[P] ■ A*[Q] for polytopes P and Q 
in Mq, and A* preserves the grading on II since A*(log[P]) = logL4(P)]. Also, it is clear 
that (A o B)* = A*o B* for any two linear maps A and B. 

An important example is given by the homothety A = r x id, r € Q>o; we denote 
the corresponding map on II by D(r). Note that if P is a polytope and r € Z, then 
V(r)[P] = [P] r . It is proved in (Ml Lemma 20] that 

(3.1) a £ rifc if and only if D(r)a = r k a , for any r € Q>o ■ 

If det(.A) ^ 0, there is a well-defined pullback map A* : H — > U by A* := 
D (| det(A)| 1 / fc ) o (yl^ 1 )* on II fc ; in particular, 

A*[P] = \det(A)\[A- 1 (P)] 

for any polytope P. Moreover (^4 o B)* = B* o ^4* for any two linear maps A and P with 
non-zero determinant. Beware that A* is not a ring homomorphism on II. On the other 
hand, A*{A 1f (a)) = \ det(^4)| a for any a G II. 

3.2. Mixed volumes. Let K%, . . . , K s C M^ be convex compact sets and pick r\, . . . ,r s £ 
R>o- A theorem by Minkowski and Steiner asserts that Vol(ri-Ki + • • • + r s K s ) is a 
homogeneous polynomial of degree d in the variables ri,...,r s . In particular, there is a 
unique expansion: 
(3.2) 

Vol(nK 1 + ---+r^)= V ( d \\o\{K 1 [k 1 },...,K s [k s \)r k ^---r k s % 

feiH hfe s =d 

the coefficients Vol(.Ki[fci], . . . ,K s [k s ]) € R are called mixed volumes. Here the notation 
Kj[kj] refers to the repetition of Kj kj times. It is a fact that Vol(i^i[A;i], . . . ,K s [k s ]) is 
non-negative, multilinear symmetric in the variables Kj, and increasing in each variable, 
meaning that 
(3.3) 

Vol(K 1 [k 1 },K 2 [k2],...,K s [k s })<Vol(K' 1 [k 1 },K 2 [k2],...,K s [k s ]) whenever K x C K [. 
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Note that Vol(_Ki[d], ^[0], . . . ,K S [0]) = Vol(i^i). There is in general no simple geometric 
description of mixed volumes, unless the Kj has some symmetries, cf. Section 15.11 and 
floUD below. 

Since Yol(K) is invariant under translation of K, 
(3.4) Vol + t) [h], K 2 [k 2 ] ,...,K s [k s ])=Vo\ (Ki [h], K 2 [k 2 ] ,...,K a %]) , 

for any t £ Ms.. Moreover, \ol(K\[ki], . . . ,K s [k s ]) € M is additive in the sense that 

Vol U K[)[h}, K 2 [k 2 ] ,...,K S [k s ]) + Vol {(K x D K'^h], K 2 [k 2 ] ,K S [k s ]) = 

Vol (Kt [h], K 2 [k 2 ] ,...,K B [k s ] ) + Vol {K[ [h], K 2 [k 2 ] , . . . , K s %]) ; 

as soon as K\ U if{ is convex. It follows that the mixed volumes extend to the polytope 
algebra II as multilinear functionals: 

IT B (aa,... ,a s ) ^Vol(ai[ki\,...,a s [k s ]) eK , 

so that, in particular, Vol ([Pi][/si], • • • , [-P S ][A; S ]) = Vol (Pi[fei], . . . , P s [k s ]). Equation 
translates into 
(3.5) 

Vol(D(n)ai-...-D(r s )a s )= V (, * , ) Vol^x], . . . , a s [k s \) rf 1 • ■ 

kl+ ...+k 3 =d ••»"«/ 

which holds for ri, . . . , r s G Q>o- Note that (|3.5[) implies the following homogeneity: 

(3.6) Vol (©(njaifa], . . . , D(r s )a s [fc s ]) = Vol (a x N, . . . , a s [k s }) ■ ■ ■ r k / . 

Lemma 3.1. Let ct\, ... ,a s be homogeneous elements in the polytope algebra of degrees 
,£ s , respectively. Then Vol (ai[fci], . . . ,a s [k s ]) = unless ij = kj for all j, in which 

case it is equal to Q d e ) Vol (a± ■ . . . ■ a s ). 



Proof By fl3JJ), and the linearity of Vol : II ->■ R, 

Vol(D(n)ai • ... ■D{r s )a s ) = Vol (rf ai • ... -rf s a s ) = Vol (a x • . . . • a 8 ) r i 1 1 ---r e /; 
in particular, the only non- vanishing mixed volume is Vol (c*i[£i], . . . , a s [£ s ]) = 

U.IJ" 1 Vol («!■...■«,). □ 

Lemma [3TT1 implies that if a.\, . ■ . , a s 6 II, and ay^ denotes the £-th graded part of aj, 
then 

(3.7) Vol(ai[fci],... ,a s [k s ]) = fe ^ Vol (ai,^ • . . . • a S)Jfc J 

Lemma 3.2. Lei j4 : Mq — > Mq be a linear map such that det(^4) ^ 0. Then 

Vol (A*a 1 [k],a 2 [d - k]) = Vol ( ai [k], A*a 2 [d - k}) , 
for any two elements ai,a 2 £ II. 

Proof. By multlinearity, we may assume that on = [Pi] for some polytopes P{. Note that 
for n G Q> , 



Vol[r 1 A-\P 1 ) + r 2 P 2 )=J2(fyvol[A- 1 (P 1 )[k},P 2 [d-k}) r\ 



k d-k 
'2 ' 



DEGREE GROWTH OF MONOMIAL MAPS 



11 



and 

| det(A)\ Vol (n^-^Pi) + r 2 P 2 ) = Vol (^^(Pi) + r 2 P 2 )) = 

Vol (nPx + r 2 A(P 2 )) = £ Q Vol(Pi[fc],^(P 2 )[d- fc]) rf 



r 2 ■ 



By identification of the coefficients of rfr^ k we get 

(3.8) | det(A)] Vol [A^ 1 Pi[k], P 2 [d - k]) = Vol (P\[k], A(P 2 )[d - k]) . 

The right hand side of (j3.8|) is precisely Vol ([Pi] [k], A* [P 2 ][d — k]), and in light of 
Lemma |3. 11 the left hand side is equal to 

|det(A)| Vo\([A-\P 1 )] k [k],P 2 [d-k]) =Vol [v(\det(A)\ 1 ^ {A- 1 {P 1 )] h [k],P 2 [d - k] 

Vol (A* [Pj] k [k] ,P 2 [d-k]) = Vol (A* [P] [k] ,P 2 [d-k}), 

which concludes the proof. Here we have used (j3.6H , the definition of A* , and Lemma 13.11 
for the first, second, and last equalities, respectively. □ 

3.3. Currents on the polytope algebra. In order to simplify computations and relate 
the polytope algebra to the universal cohomology of toric varieties it is convenient to 
introduce the following terminology. A current is a linear form on the polytope algebra. 
We denote the space of currents on IT by C and endow it with the topology of pointwise 
convergence. Moreover, we write (T, (3) £ R for the action of T € C on /3 £ LI. 

A current T £ C is said to be of degree k if T\u. = for j ^ d — k. Let denote the 
subspace of C of currents of degree k. Note that T £ C admits a unique decomposition 
T = ^Tfc, where T& £ (In fact, is the trivial extension to LI of the restriction of 
the linear form T to 11^.) 

Any invertible linear map A : Mq — > Mq induces actions on C, dual to the pullback and 
pushforward on LT, defined by (A+T,P) := {T,A*f3) and (A*T,P) := (T,A*P) for T £ 6 
and P € LI. It is not difficult to see that T € C is homogeneous of degree k if and only if 
T>(r)*T = r k T for any r € Q> - 

Let us describe some important examples of currents. 

Example 3.3. Pick a G LI, and let T a be the current defined by T a (P) := Vo1(q • P) for 
P 6 LI. The map aH-T tt gives a linear injective map LI — > Q that sends LI^ to currents of 
degree k. 

In general, for a = ^ G LI, with 6 LI^, T Qk (P) = ( rf ) Vol(a[/c], /3[/c — <i]), which 
follows immediately from Lemma l3.ll Moreover, by Lemma [3. 2 \ the actions of an invertible 
linear map A : Mq — > Mq on LI and C are compatible so that Ta*<* = A*T a and TA ta = 
A*T a for any class a £ LI. 

Example 3.4. Given a vector space V, we define the convex body algebra %{V) as the 
polytope algebra, but with a generator [K] for each compact convex set K C V and with 
the relations [K + t] = [K] for any t eV, and [KUL] + [K n L] = [K\ + [L] whenever 
K U L is convex. A (continuous translation-invariant) valuation is a linear map on %(V) 
that is continuous for the Hausdorff metric on compact sets, see e.g. [Scl Sect. 3.4]. Let 
Val(F) denote the space of valuations on the space of convex bodies in V. Restricting 
the action of valuations on Mjr to LI gives an injective morphism — > Val(M]g) — > S. The 
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construction of the current T a in Example 13,31 can be extended to a, ft G UC(Mr), and the 
mapping a ^ T a embeds 3C(M M ) into Val(M R ). Thus n C %(M R ) C Val(M K ) C C . 

Example 3.5. Endow Mr with an arbitrary euclidean metric g. Let H be a linear subspace 
of Mr of codimension k, and Volp- be the volume element on H induced by g. Consider 
any linear projection p : Mr — > H onto H. Since p(P HQ) = p(P) H whenever PUQ 
is convex, p can be extended to a function II — > II, defined by p[P] := [p(P)], and the 
linear map a *— > Volp(p(a)) is a valuation of degree k that we shall denote by [H, p\. 

3.4. Relations to the inverse cohomology of toric varieties. Each polytope P in 
Mq determines a class ch(P) in JI , defined as follows: Let hp be defined as in (12. 3p and 
choose AeDso that /ip G PLq(A). Now ch(P) is determined by the Chern character of 
the associated Q-line bundle 

d / d \ 

(3.9) (ch(P)) A := £ H 0i(fcp)* = @ E fcf fc * = ( ex P(^)) 6 , 

fc=0 ' \A;=0 ' / 

where Q± and are as in Sections 12.41 and 1 2.51 respectively. 

The Chern character induces a linear map from the vector space 0pM[P] to 13 , defined 
by ch(^ tj[Pj]) = ^2 tj ch(Pj). We claim, in fact, ch is a well-defined ring homomorphism 
from II to II*. To see this, first note that /ip+j = hp+t for t £ Mq. It follows that D(hp + t) 
and D(hp) are linearly equivalent, see Section [2~H In particular, Q\(hp +t ) = @\(hp), 
which implies ch(P + 1) = ch(P). Next, if P and Q are polytopes in Mq such that P U Q 
is convex, then hpuQ = max{ hp,hq} and hpnQ = min{/ip, /iq}. Thus h PU Q + h Pn q = 
h k P + h k Q for any k > 0, and by linearity of 9, ch([P n Q] + [P U Q}) = ch([P] + [Q]). 
Thus ch : [P] i— > ch(P) is well-defined. Next, note that if P and Q are polytopes in Mq, 
then h P+Q = h P + h Q . Hence ch([P] • [Q]) = ch([P + Qj) = ch(P + Q) = ch(P) ch(Q) = 
ch([P]) ch([Q]); and so the claim is proved. 

Let deg : JI * — > M. be the linear degree map that is on JI fc for k < d and sends the class 
determined by a point in X(A) to 1. The following theorem is due to Fulton-Sturmfels [FS, 
Sect. 5] and Brion [HI Sect. 5]. 

Theorem 3.6. The Chern character map ch : [P] i— > ch(P) is an isomorphism of graded 
algebras ch : II — >■ II . It holds that deg(ch(a)) = Vol(a) for a G II. 

By duality, we get a continuous isomorphism coh : "K* — > C, defined by (coh(w),/3) := 
co ■ ch(/3) for oj G "K* and f3 G IT. 

Proposition 3.7. Lei vl : Mq — > Mq 6e a linear map with det(A) ^ 0. T/ien 

(3.10) ch^a) = <t>* A ch(a) 
/or any a G IT. Similarly, for any r/ G IK*, 

(3.11) coh((^),r?) = A*(coh(»7)). 

Proof. By linearity we may assume that a = [P] for some polytope P in Mq. By definition, 
A*[P] = L4(P)] and ch([^4(P)]) is the class in JI* determined by 9(exp(/i^ (P) )). Now 

h,Mp\ = sup{m, m G A(P)} = sup{m o A, m G P} = hp o A. 
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In light of K33J) and (prS]) . it follows that ch(L4(P)]) is the pullback under <j> A of the 
class determined by 0(exp(/ip)), i.e., ch(L4(P)]) = 0^ch([P]). 

Now (|3.1ip follows from (|3.10|) by duality. Indeed, for r/ £ "K and a € II, we have 

(coh ((<j) A )*r}) j a ) = (</>A)*??-cha = 77 cha = r]-ch.(A*a) = (coh(ry), A*a) = (A* coh(r/), a). 

Here we have used the definition of coh for the first and fourth equality and fj3. 10f> for the 
third equality. Moreover, the second and the last equality follow by Sections 12.61 and 13.31 
respectively. □ 



4. Dynamical degrees on toric varieties 

Let A be a complete simplicial fan and let h be a strictly convex piecewise linear 
function with respect to A. Furthermore, let A : M — > M be a group morphism and 
let <p := <pA '■ X(A) — » X(A) be the corresponding rational equivariant map. The k-th 
degree of (ft with respect to the ample divisor D := D(h) is defined as 

deg^M := <ft'D k ■ D d - k G M> . 

If X(A) = F d and 0(D) = pd (l), then deg D>k (<f>) coincides with the k-th degree of (p 
deg k ((p) as defined in the introduction (Section 1). 

The following result is a key ingredient in the proofs of Theorems A and D. 

Proposition 4.1. Let A be a complete simplicial fan and let D be an ample G^-invariant 
divisor on X(A) with corresponding polytope Pp. Moreover, let A : M — > M be a group 
morphism with det(^4) 7^ ; and let cp A '■ X(A) ---> X(A) be the corresponding equivariant 
rational map. Then 

(4.1) deg Afe (<^) = d\Vol(A(P D )[k},P D [d-k}) . 

Recall from Example O that if X(A) = P d and D = pd (l), then P D is the standard 
simplex S^. In this case (14. ip reads 

deg k (0 A ) = d\ Xo\(A(T.d)[k},Tid[d — k]) . 

Proof. Pick a complete simplicial fan A' y A such that the dual A : N — > N of A is a map 
of fans A : (N,A') — > (iV, A), let f A '■ X(A') — > X(A) be the corresponding equivariant 
map, and let ir : X(A') — > X(A) be the map induced by kiA',A- 
Recall from Section f2.6l that then <p' A = 7r* o f* A . Hence 

(4.2) deg Dik (M = vr, o f* A (D) k • D d ~ k = f\{D) k ■ ir*(D d ~ k ) = (f\D) k ■ {-K*D) d ~ k . 
By Section [2.41 and in particular (|2.4p . the right hand side of (|4.2p equals 

d\Vo\(A{P D )[k],P D [d-k]), 
which concludes the proof. □ 



Let us collect some basic properties of k-th degrees. These results are well-known and 
valid for arbitrary rational maps, see [DS| . However the case of toric maps is particularly 
simple. 
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Proposition 4.2. Let Ai and A2 be complete simplicial fans, and let D\ and D 2 be ample 
G^-invariant divisors on X(A\) and X(A2), respectively. Then there exists a constant C 
such that for any group morphism A : M — > M , one has 

( 4 -3) deg D2 fc (<j> A>2 ) < deg Dl k ((j)A,i) < C deg^fcC^a) 

where <f> A i '■ — > X(Ai), z = l,2 denote the respective induced maps. 

Proof. We claim that there is a constant C such that 

C- l \o\{A(P D2 )[klP D2 [d-k})<\o\{A(P Dl )[klP Dl [d-k}) < CYol(A(P D2 )[k},P D2 [d-k}). 

Then (|4. 3[) follows immediately from Proposition 14.11 

Since D\ and D 2 are ample, and since Vol is translation invariant, (|3.4p . in order to 
prove the claim we may assume that Pd x and Pd 2 contain the origin in Mr in their 
interior. Then for some Co large enough, Cq 1 Pd 2 C Pd l C C$Pd 2 - It follows that the 
claim holds for C = Cq since Vol is multilinear and monotone, (|3.3p . □ 

Proposition 4.3. Let A be a complete simplicial fan and let D be an ample G^-invariant 
divisor on X(A). Then there exists a constant C such that for any group morphisms 
Ai, A 2 : M -> M, one has 

degr»,fc(^Ai °4>A 2 ) < C deg Djk ^ Al ) deg Dk {<f) A2 ). 

Proof. Given a rational map / : F d — » P d , we denote by C(/) the set of points p € W d 
that are either indeterminate or critical for /, and by PC(f) := ir^^ 1 (C (f)) where tti, 7T2 
denote the two projections of the graph of / onto P rf . This defines two proper algebraic 
subsets of P rf . 

If Z is a variety of pure codimension in P d , we denote by f~ l (Z) the closure in ¥ d of 
f (Z n PC{f)). Note that by construction, f~ l {Z) is of codimension (or empty). We 
have the general inequality deg(/ _1 (Z)) < deg fc (/) deg(Z), and for a generic choice of Z, 
deg(/ _1 (Z)) = deg fc (/) deg(Z). In particular, if L is a generic linear subspace of F d of 
codimension A;, then deg fc (/) = deg(/ -1 (L)). 

We always have ^(^(L)) = {<f> Al ° 0A 2 ) _1 (^) outside := G(<j> M ) U <^JC(0 Al ). 
For a generic choice of L, the closure of (4> Al o cj)^)^ 1 (L) C\W is equal to (4> Al oi/)^) (L). 
Whence 

(4.4) deg((0 Al o <f> A2 r\L)) = deg^C^W)) < deg fc (</>A 2 ) deg^L)) 

Since L is generic the left hand side of (14. 4|) equal deg fc (^A! °0A 2 ) an d the right hand side 
equals deg fc (^ ) deg fc (0Ai). Thus deg k (4> Al o^ A2 ) < deg^^i) deg fc (0 j42 ), and applying 
Proposition 14.21 to D\ = Opd(l) and Z?2 = -D> we get 

de gr>,fc(0Ai <M 2 ) < C deg k {4> Al o(j) A2 ) <C deg k {4> Al ) deg k {4> A2 ) < 

C 3 deg Dk ((f> Al ) deg DjA .(0A 2 ), 
which concludes the proof. □ 

Pick a group morphism A: M — > M, a fan A G 2), and an ample G^-invariant divisor 
.D on X(A). Then Proposition 14.31 implies 

C deg D ^ n A +m ) < (C deg D)fc (^)) (C deg Djfe (C)) • 
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Since the sequence {C deg Dfe (</>^)}„ is sub-multiplicative, and C 1//n — > 1, we can define 
the k-th dynamical degree of 4>a with respect to D, 

XdAM :=limdeg Djfc (^) 1/n . 

n 

Assume Ai,A2 € 3? and that Di,D2 are ample G^-invariant divisors on X(A\) and 
X(A2), respectivly. Let A : M — > M be a group morphism, and let <j>A% '■ X(Ai) 
X(Ai), i = 1, 2 denote the induced equivariant morphisms. Then Proposition 14.21 implies 
that \Di,k(^Ai) = ^D 2 ,k( ( l ) M)- We shall write Xki^A) f° r the k-th dynamical degree of cj>A 
(computed in any toric model, and with respect to any ample divisor). 

For the record, we mention the following properties of the dynamical degrees. Propo- 
sition [4J] applied to Pd yields that deg £)o (0^) = d!Vol(Po) for all n and deg D d {4>\) = 
d\\o\(A n {P D )) = d\\det(A)\ n VoI(Pd); therefore A (</>a) = 1 and X d (<f> A ) = |'det(A)|. 
Moreover Xi(4> A ) = p{A), where p(A) is the spectral radius of A, i.e., the largest modulus 
of an eigenvalue of A; a proof is given in [HP, Sect. 6]. 

Proposition 4.4. Let A : M — > M be a group morphism and A € 35, and denote by 
(f)A '■ X(A) — > X(A) the induced equivariant morphism. Then, for any < k,l < d, 

(4.5) x k +i(M < \ k {4>A)\i{4>A). 

Proof. By the Aleksandrov-Fenchel inequality, see (6.4.5) on p. 334 of [Scj . 
Vol(A(P D )[k+l],P D [d-k-l}) VoI(Pd) <Yol(A(P D )[k],P D [d-k}) Vol(A(P D )[l],P D [d-l}) 
which, in light of Proposition 14 . 1 1 implies (|4,5p . □ 

Note that Proposition 14.41 also immediately follows from Corollary B, taking it for 
granted. 

5. Degree growth - Proof of Theorem A 

The proof of Theorem A can be reduced to controlling the growth of mixed volumes 
of convex bodies under the action of a linear map. Indeed, let A : M — > M be a group 
morphism and let D be a divisor on a toric variety X(A), where A is a complete simplicial 
fan. Then, by Proposition 14.11 deg D k (c/)A) = d\ Vo1(A(Pd)[A;], Po[d — k]). In particular, 
deg k (4> A ) = d\ Vol(.A(£d)[fc], Ti^d— k]), where is the standard simplex, see Example 12. 11 
Now Theorem A follows immediately from the following result. 

Theorem 5.1. Let A : M — )• M be a group morphism such that det(A) ^ 0. Then for 
any < k < d, and any convex sets K, L C Mjj with non-empty interiors, 

(5.1) Vo\{A n {K)[k],L[d-k\) x || A fe A n ||, 

where A k A n denotes the natural induced linear map on A k M^, and || • || is any norm on 
End(A fc M M ). 

It remains to prove Theorem 15.11 We first present a simple proof in the case when 
A is diagonalizable over R in Section 15.11 To deal with the general case, we rely on the 
Cauchy-Crofton formula. Some basic material on the geometry of the affine Grassmannian 
is given in Section 15.21 and the proof of Theorem 15.11 is then given in Section 15.31 

Note that, since all norms on End(A fc M]g) are equivalent, it suffices to prove (|5.1H for 
one particular choice of || • ||. 
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5.1. Proof of Theorem 15.11 in the diagonalizable case. Assume that A is diagonal- 
izable over R, and denote by pi, ... , pd its eigenvalues, ordered so that \p%\ > . . . > \pd\- 

Let us first compute || A fc j4 n ||. We fix a basis e\, . . . , Cd of Mr that diagonalizes A so that 
Aej = pjej for all j. For any fc-tuple I = . . . , if-} of distinct elements in {1, . . . , d}, we 
write ei := A • • ■ A ei k and p 1 := YiiPij- Then (f\ k A)(ei) = p 1 ei and the collection of 
e/'s forms a basis of A^Mr that diagonalizes A k A. If || • || sup is the supremum norm with 
respect to this basis, then 

k 

\\A k A n \\ snp = n\ Pj r. 

We now turn to the computation of the mixed volume \o\{A n {K)[k], L[d — k]). First, 
fix a Euclidean metric g on Mr such that the basis ei,...e<j is orthonormal, and let 
Vol 9 denote the induced volume element. Then there exists a constant C > such that 
Volg(K) = C Vol(-fT) for any convex body K C Mr. It follows that 

Vol (A n (K) [k] , L [d - k] ) = C- 1 Vol g (A n (K) [k],L[d — k}) . 

Since K and L have non-empty interiors, by arguments as in the proof of Proposition ^. 2\ 
one can show that 

(5.2) Vol g (A n (K)[k],L[d-k}) x Vol g (A n (K')[k],K'[d-k\) , 

where K' is any convex set with non-empty interior. 

We will compute the right hand side of (|5.2p when K' is a polydisk. For r = 
(n,---,r d ) € M> , let B r be the polydisk B r := {Y^XjCj, < rj/2} C Mr. Note 
that W) r + rD s = B tr+rs for r, s G and i, r G M> . It follows that Vo\ g (W> r + rB s ) = 

Nj=i( tr j + rs i)- Thus ^ Vol p (D r [Jb],D s [d - fc]) = (fy 1 T, rI s lC , where the sum 

runs over all multi-indices . . . , ik} C {1, . . . , d}, r 1 := Y\i r fi j , and I := {1, . . . , d} \ I. 
Let 1 := (1, . . . , 1) G M> . Then ^ n Bi = Bd^in,...,^), and 

voi 9 {A n (sh)[k\Md - k\) = ( d \ 1 i/r - m 7 ax i/r = n i^-i n - 

V J \I\=k ' i=i 

This concludes the proof of Theorem 15.11 in the diagonalizable case. 

Remark 5.2. The same idea can be used to treat the case A is diagonalizable over C. In 
this case, one chooses K' to be an adequate product of segments and two-dimensional 
disks. 

5.2. The affine Grassmannian. For k = 1, . . . , d — 1, we denote by Gr(<i, k) the Grass- 
mannian of linear subspaces of Mr of dimension k, and by Graff (d, k) the Grassmanian of 
affine /c-dimensional subspaces. Then Gr(<i, k) and Graff (d,k) are smooth manifolds, and 
there is a natural projection map w : Graff (d, k) — > Gr(d, k) sending an affine subspace to 
the unique linear subspace that is parallel to it. The preimage ca _1 (-ff) of H G Gr(d, k) 
is canonically identified with Mr///, and hence we can view Graff (d, k) as the total 
space of a rank d — k vector bundle over Gr(d, k). For v G Mr, and H G Gr(<i, k), 
we write v + H G Graff (d, k) for the affine space obtained by translating H by v, so 
that w(v + H) = H. Note that the zero section of w is the natural inclusion map 
Gr(d, k) ■=-)■ Graff (d, k) given by viewing a linear space as an affine one. 
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The tangent space T# Gr(d, k) is canonically isomorphic to Hom(iI, Mr/H), see \Sh\ 
Ex. VI. 4. 1.3]. It follows that at any point v + H in the affine Grassmannian, we have the 
exact sequence 

(5.3) -> Mr/H -► T v+H Graff (d, fc) -»■ Hom(H, Mr/H) -> . 

Suppose we are given an invertible affine map A^g : Mr — > Mr, with linear part A, 
i.e., ^4 a ff = ^4 + w for some u; £ Mr. Then j4 a g induces smooth maps A a g : Graff (d, fe) — > 
Graff (d, k) and ^4 : Gr(d, k) — > Gr(d, At). For any tangent vector r G Ty- Gr(d, k), inter- 
preted as a linear map r : H — > Mr/H, we have 

dAn (r) = ioTo^ 1 e T A(H ) Gr(d, At). 

The differential of A a fj at u + i7 € Graff (d, A;) is computed analogously using (|5.3p . 

Let us fix a Euclidean metric 5 on Mr, and denote by Vol 9 the induced volume element. 
Note that m^ 1 ^) ~ Mr/H is canonically identified with id -1 -. We will see that there are 
natural induced Riemannian metrics on Gr(d, k) and Graff (d, k). First, note that there 
is a natural action of the orthogonal group O(Mr) ~ 0(d) on Gr(d, k) sending (4>,H) to 
4>(H). Since the stabilizer of a Ar-dimensional subspace H C Mr is 0(H) x 0(-?/- L ) ~ 
O(Ar) x 0(d — A;), the Grassmanian Gr(d, k) is diffeomorphic to the homogeneous space 
0(d)/(0(Ar) x 0(d — A;)). There is a Riemannian metric on 0(d) that is both left and right 
invariant by the action of 0(d); it is given by the pairing (X, Y) 1— > — Tr(XY) in its Lie 
algebra. This metric induces a Riemannian metric gcr on Gr(d, k) invariant by the action 
of 0(d), see [GHLl Thm. 2.42]. 

We saw above that w : Graff (d, At) — > Gr(d,k) identifies Graff (d, At) as the total space 
of a vector bundle over Gr(d, At). Any fixed affine Ar-plane has a canonical representation 
v + H with v S H^. The section Gr(d, At) — > Graff (d, At) sending H' to v + H' determines 
a subspace Cv+H in the tangent space of Graff (d, k) at v + H such that dm : £ v +h 
Th Gr(d, At) is an isomorphism, and T v+ h Graff (d, At) = ker dm © iv+H- We may therefore 
endow Graff (d, At) with the unique metric ^Graff making this decomposition orthogonal, 
such that the restriction dm : Cv+H —> Th Gr(d, A;) and the isomorphism Mr/H ~ H are 
isometries. Note that this metric is invariant by 0(d) but not by translations. However, 
any translation preserves the fibers of m and their restriction to each fiber is an isometry. 

Recall that any Riemannian metric h on a manifold M defines a volume element Vol^ 
on M (and a volume form dVol^ on M if it is oriented), sec [GHL, Sect. 2.7]. If x = 
(xi, ... ,x s ) are local coordinates on M, then locally h = ^hijdxi <g> dxj and dVol^ = 
a/ I det(hij) \ \dx\ A ... A dx s \. We will denote by Volcr and Volcraff the volume elements 
defined by the metrics <?Gr and 5Graff> respectively. In fact, Volar is the unique (up to a 
scaling factor) volume element that is invariant under the action of 0(d). 

Recall that an affine map is an affine orthogonal transformation if (and only if) its 
linear part is orthogonal. 

Proposition 5.3. The volume element Volcraff on Graff (d, At) is invariant by the group 
of all affine orthogonal transformations. Moreover it satisfies the following Fubini-type 
property: 

(5.4) f / l dVol Graff = I ([ hdVol g{ ,) dVol Gr , 

JGiaS[d,k) JH&Gr{d,k) \J H 1 - J 
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for any Borel function h on Graff (d, k). 

Proof. Let us first prove (|5.4p . Pick H £ Gr(d, k) and a neighborhood H € U C Gr(d, /c) 
with local coordinates y = (yi, ■ ■ ■ , UMd-k))- Then locally in It, y Gr is of the form 
5Gr = Ylbij{y) dyi (g> dyj. Moreover we can choose a local trivialization U x R rf ~ fc of 
Graff (d, k) — > Gr(d, fe) with coordinates (x, y), where zu(x, y) = y and x = (xi, . . . , Xd-k) 
are coordinates in ~ H^~. Since w : Graff (d,k) — > Gr(d,k) is a Riemannian sub- 

mersion, and the restriction of y Gr aff to the fiber ~ iT is the constant metric 

5 1 if 1 - = ^2 a ij(H) dxi <S> dxj, locally in the trivialization, y Gra ff(x, v) = Yl a ijiv) d-Xi <S> 
dxj + X] bij(y) dyi <g> dyj. Consequently dVol Graff = y/deb(<Hj(y)) v / det(fe ij (y)) dx A dy. 
After a partition of unity we may assume that h has support in a small neighborhood of 
v + H & Graff (d, k) and thus 

h dVol Graff(d>fc ) = / ( / h^det{bij(y))dx] A ^det(oy(y)) dy, 



which proves (|5.4p . 

To prove the first part of the proposition we need to show that Vol G raff is invariant under 
linear orthogonal transformations and translations. First, since y Gra ff is invariant under 
0(d), so is Vol Gra ff. Next, let A w := id+u; : Graff (d,k) — > Graff (d, k) be the translation 
by w € Mr. Since y, and thus y|#±, is invariant under translations on H^~, 

I hoA w (v) dVol g , = / h(v + w') dVol 9 | = / dVol 9 | , 

Jtieif 1 Jtieif 1 Jueif 1 

where w' is the orthogonal projection of w onto iT -1- . Thus, using (15. 4p . f{h o 
A w ) dVol Gra ff = J h dVol Gra ff ; this shows that Vol Gra ff is invariant under translations. □ 

Let A : Gv(d,k) — > Gr(d,k) and A a g : Graff (d,k) — > Graff (d, k) be the maps induced 
by an invertible affine map A a g : Mr — > Mg with linear part A. Recall that the Jacobians 
of A and >laff > respectively, are the unique smooth functions J A : Gr(d, k) — > IR>o and 
JA^s : Graff (d, k) — > M>o that satisfy the change of variables formula, i.e., 

(5.5) f /idVol Gr = f (hoA)JAdVo\ Gr , 

JGi(d,k) JGi(d,k) 

(5.6) / h dVol Grafr = / (h o Ass) JA aS dVol Graff 

J G raff(d,fc) ./ G raff(d,fc) 

for any integrable functions h on Graff (d, k) and Gr(d,k), respectively. 

Given a linear map A : Mr — > Mr, let <&,4 : Gr(d, k) — > M>o be the map that maps H 
to (absolute value of) the Jacobian of the induced linear map A : M^/H — > M^/A(H), 
computed with respect to the volume elements Vol g |^ ± and Vol ff |^ ^ ± defined by y on 

M^/H ~ H 1 - and M^/A{H) ~ A(H)- 1 , respectively. In other words, §a is the unique 
function that satisfies 



(5.7) f h dVol 9 , = / (ho A) * A (H) dVol 

JM m /A(H) A(H} Jm m /h 

The following is a key lemma in the proof of Theorem 15.11 
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Lemma 5.4. Let A : Mr — > Mr be any invertible linear map. Then for any linear space 
H C Mr, and any v G Mr, we have 

JA aS (v + H) = JA{H)x$ A {H). 

Proof. Recall that, by the definition of gcraff) the tangent space of Graff (d,k) at v + H 
splits as an orthogonal sum M^/HQTh Gr(d, k). The differential of A^g does not preserve 
this orthogonal decomposition in general but sends M^/H to M^/A(H); the tangent 
space at A^v + H) = A aS (v) + A{H) orthogonally splits as M R /A(H) T A (h) Gr(d, k). 
Choose (local) orthonormal bases Vj, Wj, v'j, and w'j of M^/H ~ H- 1 , Th Gr(d, k) (at H), 
M R /A(H) ~ A(H) 1 - and T A{H) Gv(d,k) (at A(H)), respectively. Then, in light of (1^61) . 
the Jacobian of A at v + H is the absolute value of the determinant of the matrix dA with 
respect to the bases {vj,v'j} at v + H and {wj, w'j} at A(v) + A{H). This matrix, however, 
is block diagonal and so its determinant is the product of two determinants: one of the 
matrix dA : M^/H — > M^/A(H) with respect to the bases {vj} and {vjj} and one of the 
matrix of dA : Th Gr(d, k) — > T A ^ H ) Gr(d, k) in the bases {v'j} and {w'j}- In light of (|5.7[) 
and (15.51) . this concludes the proof. □ 

5.3. Proof of Theorem 15.11 Let B C Mr be the unit ball with respect to the metric g 
on Mr from last section. Then, by arguments as in Section 15.11 



(5.8) Vol (A n (K)[k],L[d - k}) x Vol 9 {A n {M)[k],M[d - k]) 



To compute the right hand side of (I5.8P we will apply the Cauchy-Crofton formula, see [Sq 
formula 4.5.10], which asserts that there exists a universal constant C > such that for 
any convex set K C 



(5.9) Vol 9 (K[k],M[d -k]) = C VolGraff {v + H € Graff (d,d - k), (v + H) n K ^ 0} 

where VolGraff is defined as in Section 15.21 
Now 

^Vol GiaS (A n (M)[k],M[d-k])= [ dVol Grafr = 

^ Jv+HeGxaS(d,d-k), (v+H)nA n (M)^<ll 



v+HeGva,fi(d,d-k), (v+H)nM^$ 



lv+HeGraS(d,d-k), (v+H)nA n ( 

JA n (v + H) dVol Graff 



[ {JA n x dVol Grafr = 

Jv+H£GraE(d,d-k), (v+H)nB^0 

dVol ff | ± j (JA n X $A")(-H") dVol Gr 



HGGr(d,d-k) \J vGH ± ,{v+H)nM^<D 

Vk I <f> A n X JA n dVol Gr = V k [ {$ A n o A~ n ) dVol Gr , 

J H£Gr(d,d-k) JGr(d,d-k) 

where Vk is the volume of the orthogonal projection of IB onto H^-, i.e., the volume of 
the standard /c-dimensional ball in Euclidean space, and Volcr and Q A are defined as in 
Section I5T21 Here we have used (|5.9p . (|5.6|) . Lemma [5.4| (|5.4p . and (|5.5|) for the first, 
second, third, fourth, and last equality, respectively. 
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To sum up, 

(5.10) Vol (A n (K)[k],L[d- k}) x f ($ A n o A~ n ) dVol Gr , 

JGr{d,d-k) 

We will prove Theorem 15. II by estimating the right hand side of (15.10p . For that we will 
need the following two lemmas. 



Lemma 5.5. Let H C Mr be a linear sub space of codimension k and let A : 
be a linear map with det(A) ^ 0. Then for any 7 G A Mr defining H in the sense that 
7 A v = if and only ifvGH, we have 

* A oA-\H) = |det(A)| l|A '"" | ^ 1(7)l1 , 

where A d ~ k A~ 1 is the induced linear map on f\ d ~ k and || • || is the natural norm on 
End(A d ~ fc M]R) induced by g. 

Lemma 5.6. Let (V, \\ ■ ||) be a finite dimensional normed vector space, and let h : V — >• V 
be a linear map with det(h) 7^ 0. Moreover, for v G V , let 

f \ ■ f \\h n (v)\\ 
T h (v) := mf ■ 

Then : V — > M>o is an upper semicontinuous function and {t^ = 0} is a proper linear 
subspace of V. 

Set h := det(A) (A d - k A' 1 ). Observe that, since the pairing A k M R x A d ~ k M R -> A d M M 
is perfect, in fact, \\h n \\ = \\ A k A n \\. 

For any H G Gv(d, d — k), we pick ^(H) G A d_fc MR defining it. Then j(H) is unique 
up to a scalar factor, and the induced map PI : Gr(d, d — k) — > F(A d ~ k M^) is the Pliicker 
embedding of Gi(d, d — k). Lemma [53] can be rephrased as follows: 

(.id 

Note that the right hand side of (15.111) is well defined by homogeneity. The image of 
Gv(d, d—k) under PI is not contained in any proper linear subspace of A d ~ k M^. Therefore, 
by Lemma 15.61 there is a non-empty open set XL C Gr(d, d — k), such that Th restricted to 
It is strictly positive. In particular, /i := j u Th(Pl(H)) > 0. Consequently, 

(5.12) / ($> A n o A~ n ) dVol Gr > \\h n \\ [ T h (Pl(H)) dVol Gr > fi || A fc A™ || . 

JGr(d,d-k) JGr{d,d-k) 

Now (jlTTj) follows from (jlUOl) . (foTT2|) . and the trivial upper bound <&A n A n < ||/i n || = 
|| A k A n \\. Thus we have proved Theorem 15.11 
It remains to prove the lemmas. 

Proof of Lemma \5.5[ Pick H G Gr(d, d — h). Choose orthonormal bases ei,...,e d and 
fx, . . . , f d of M K such that (ei, . . . , e k ) G A~\H)^- ~ M/A-^H) and (/ la . . . , / fc ) G H L ~ 
M/H. Then A = ]T Ojj/j <g> e| for some a^- G M, and $,4 o ^4 _1 (i/) is by definition equal 
to |det(ay)x<ij<fc|. On the other hand the vector 7 = A ■ ■ ■ A defines i?, and 

d _ fc , efc+i A • • • A e d $ A ° A^^H) 

A A U) = XT? — \ = ± — 1 a Tt aw — ek + 1 A ' ' ' A ed ■ 

det(aij) k+1 <ij< d \det(A)\ 
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We conclude noting that {e^+i A • • • A e d \ = [7] = 1. 



□ 



Proof of Lemma 15,61 For each n the function v 1— > 



life" W II 

l-ull \\h n \ 



is continuous, and so is the 



infimum of a sequence of continuous functions, which implies that it is upper semicontin- 
uous. 

Let us now describe the zero locus of r^. First, assume that there are no non-trivial 
subspaces of V that are invariant under h. Choose a basis of V such that the matrix (also 



and let xi,...,Xd with d = dim V 



denoted by h) of h is in Jordan normal form (over 
be the corresponding coordinates. Then 



(5.13) 



In this case, {r^ = 0} is precisely the hyperplane {xdimV = 0}. 

In the general case, we decompose V = ® W% into minimal /i-invariant subspaces W{. 
Let pi be the modulus of the unique eigenvalue of h\w. and write di := dim(Wi). Set 
p := max{/9j}, Iq := {i, pi = p}, 5 := maxjdj, i G Io}, and I* := {i € Io,di = 5}. Then 
Th = max{T^ w °PWi, i £ I*}-, where p, L : V — >■ Wi is the natural projection, and {r^ = 0} 
is the direct sum of the Wi with i ^ J* and the hyperplanes {r^| w = 0} C Wj for ? € /*; in 
particular, {th = 0} is linear, and since J* is non-empty, it is a proper subspace of V. □ 
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5.4. Proof of Corollary B. Choose a basis of Mr such that the matrix of A is in Jordan 
normal form, and let || • || sup be the supremum norm with respect to the induced basis on 

n r \pi\ n ■ ■ ■ \pk\ n for some integer < r < d — 1, cf. the proof 



A k M R . Then 
of Lemma 



sup 



Hence X k = lim n (deg fc (^)) 1 / n = \pi\ 



Pfc 



6. Proof of Theorem D 

As well as Theorem A, Theorem D can be proved by controlling the growth of mixed 
volumes under the linear map A : Mr — > Mr. 

We fix a euclidean metric g on Mr. Given a subspace H C Mr, let Yo\h denote the 
volume element on H induced by g. Moreover, let pn denote the orthogonal projection 
onto H. 

Theorem 6.1. Let A : M — > M be a group morphism such that det(^4) 7^ 0, with 
eigenvalues \p\\ > ... > \pa\- Suppose that k := \pk+i\/\Pk\ < 1> an d write V u := 
©j<fcker(j4 — pi'id) d , and V s := 0j>fcker(^4 — pi'id) d . Then there exists an integer r > 0, 
such that for any two (non-empty) convex sets K,L C Mr, 

(6.1) ±Vol(A n (K)[k],L[d-k])=Vol Vv [Pv u /v s {K)) Vol v ± (p v ±(L)) + 0(n r K n ) , 

where Pv u /v s denotes the projection onto V u parallel to V s . 

Note that, by Corollary B, the condition k < 1 is equivalent to (jl.2p . Recall from 
Proposition IO that deg fc (0^) = d\ Vol(A n (S rf )[fc], Y, d [d - k]), where Y* d is the standard 
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simplex. Thus, noting that kX^ = (Xk+i^k-i)/ ^ki Theorem 16.11 gives (jl.3p with C = 
d\Vol(py u /y s (T, d )) Vol(p v ±(T, d )) > 0. Taking Theorem 16.11 for granted this concludes the 
proof of Theorem D. 

Remark 6.2. Note that Theorem 16.11 applied to K = L = Pjy, under the assumption in 
Theorem D, gives the following version of (jl .3[) : 



deg D)fc (01) = CXt + (V ( Afc '^ fc+1 )") 



where C = d\Vol{p Vu/ y B (P D )) Vol{p v x{P D )) > 0. 

6.1. Proof of Theorem 16.11 For the proof we will need the following two lemmas on 
mixed volumes. 

Lemma 6.3. Let H C Mr be subspace of dimension k. Then for any convex sets 
Li, . . . , Ld-k, and K in Mr such that K C H , 

(6.2) Vo1 Mr (K[k},L 1} . . .,L«) = VoIh(K) Vol H± (p B ±(In), ■ ■ ■ ,P H x(L d _ k )) . 
Proof of Lemma Iff, 31 Recall that we have the following polarization formula: 

(d-k)\Vol(K[k],L 1} ...,L d _ k ) = Y, (-l) (d " fc_|7|) Vol(K[k], (J^ Li)[d - k]) . 

JC{l,...,d-k} / 

By multilinearity, we may thus assume that L\ = ... = L d _k = L. Fix fgl. Then, by 
Fubini's theorem, 

(6.3) Vd(tK + L)= f Vo\ H ((tK + L)n(v + H)) dVol H ±, 

where we have identified the volume element induced by Vol on v + H with VoIh- Let 
L v := L n (v + H). Since K is included in H, we have (tK + L) (l(v + H) = tK + L v , and 
so the right hand side of (|6.3p equals f veH ± Voln(tK + L v ) dVol H ±. Note that L v ^ if 
and only if v G p H ±(L), in which case Vol n(tK + L V ) = t k Vol(K) + 0(t fc_1 ). We conclude 
that 

Vol(iif + X)= / f^Vol^ + O^ 1 )) dVol^x = t k Vol(K) Vol H ±(L) + (D^- 1 ), 



which implies (I6.2p . □ 



Recall that the Hausdorff distance dn(K, L) between two (non-empty) sets K,L C 
is the infimum of all e € R>o such that K C L + B e and L C if + B e , where B r C Mr is a 
ball with radius r and center 0. In the sequel, we write M = M\. 

Lemma 6.4. Let L±, . . . , L^-k be convex sets in Mr. Then there exists a constant C > 
such that for any (non-empty) convex sets K,K' C Mr, one has 

(6.4) | Vol (K[k],Lx, . . . , L d _ k ) - Vol (K'[k],L u L d _ k ) I < 

Cmax.{d H {K,K'y Vol (K[k - j], B[d - k + j])}. 
j'=i 
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Proof of Lemma \6Jj\ To simplify notation, write Vol (• • • , L\, . . . , L^-k) ='■ Vol (• • • , Li), 
and 5 := d H (K, K') so that K C K' + M s , and K' C K + M s . 

Assume first that Vol (-fiT[fc], Li) > Vol (K' [k], Li). Using the multilinearity of the mixed 
volume and (|3.3p we get: 



Vol (K[k], Li) -Vol {K'[k],Li) < Vol ((K' + M s )[k],L l ) -Vol (K'[k\, Li) = 

(*) S* Vol (K'[k-£\,B[£\, Li) < (*) # Vol((K + B s )[k-£\,B[£\,Li) 



^2Cj5 j Vol{K[k-j},B\j},Li) <Cumx{(5) j Vol (K[k - j], M[d - k + j])} 



for some constants Cj,C > 0; for the last inequality we have used that each Li is contained 
in M Pi for pi 6 R>o large enough. This proves (|6.4p in this case. 

If Vol (if' [k],Li) > Vol (K[k], Li), then ([631) follows as above noting that 
Vol (K[k - j], M[d - k + j]) x Vol (K'[k — j},M[d — k+j}). □ 

We are now ready to prove Theorem 16. 1[ Write p := Pv u /v s to simplify notation. 
First, since p(K), as well as A n o p(K) = p o A n (ET), is included in the /c-dimensional 
subspace V u C Mr, by Lemma IBTBl 



.5) A£ Vol v „ ( P (K)) Vol y x (p v x 

Vol Vu (poA n {K)) VoW (pv f (L)) =Vol(poA"(if)[A:],L[d-fc]) 



Next, note that there exists a constant C > and an integer r > such that |^4 ra (u)| < 
C n r \pk+\\ n \v\ for all v € F s ; for example, this can be seen using (|5.13|) . In particular, 
|^4 n (u) — po A n (v)\ < C n r \pk+i\ n \v\ for all v G Mr, from which we infer that 

(6.6) d H (A n (K),poA n (K))<C'n r \p k+1 \ n , 

where C = Cmax„ e x M- Now, applying Lemma 16.41 to K = A n {K), K' = p o A a (K), 
and Li = L for all i, and using (|6.5j) and (|6.6p . we get 

(6.7) Vol(A n (^)[A:],L[d-*;])-AgVoV tt (p(JO) Volyx (p v x(L)) < 

C"max{n J> |p fe+ i| J ' n Vol {A n {K)[k — j],M[d — k + j})} 
i=i 

for some constant C" > 0. Furthemore, Theorem 15. II implies that 

k—j 

Vol (A n (K)[k - j),M[d — k + j}) < CyrV J] \ Pi \ n 

i=l 

for suitable constants Cj > and integers rj > 0, cf. Section 15.41 Since 
\pi \ ■ ■ ■ \pk-j\\pk+i\ :l < AfcK for 1 < j < k by Corollary B, the right hand side of (]6.7p 
is bounded from above by C"'n r ' (A^k)™ for some constant C"" > and some integer 
r' > 0, which proves (16. ID . 
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7. Invariant classes 

In fact, Theorem 16.11 gives more information than Theorem D. Keeping the notation 
from the beginning of Section [6j consider the currents T~ := [V u ,py u /y s ] and T + : = 
[KTjPf- 1 -] °^ degree (d — k) and k, respectively, as defined in Example 13.51 Then for 
polytopes P, Q C Mo, (|6.ip reads 



± Vol mP][k], [Q][d - k]) = (T-, [P]) (T+, [Q]> + OK «"), 



and, by multilinear ity, using (|3.7p . we get: 

Theorem 7.1. Let A, k, V s , V u be as in Theorem \ 6.1\ Then there exists an integer r 
such that, for any a G Tik> and f3 G Hd—k> 
1 



Vo\(A^a-P) 



(f\ (T~,a) (T+,(3) + 0(n r K n ) . 



In particular, in the space of currents on II, the convergence 

±;A?a^c(a)T+ 

holds for any class a G life, with c(a) = (,) (T~ , a); here we identify 7 G II with T 7 G C, 
cf. Example [331 By Lemmas O and E21 Vol(^"a • /?) = Vol(a • A n * /?) for a G n fc and 
/3 G n,i_fc, so that, by duality 

±-A n *(3^c>((3)T- 

for any class /3 G Hd—k> with c'(/3) = f fc ) (T + ,(3). By Theorem 13.61 the currents T + and 
T~ induce classes in the universal cohomology of toric var ieties, 6+ G "K k and 0~ G K d ~ k , 
respectively. 

Corollary 7.2. Lei A, k, V s , V u be as in Theorem \6.1\ Then there exists an integer 
r such that, for any complete simplicial fan A, and any classes U) G H 2k (X(A)), t] G 
Jj2(d-k) (x(A)), 

-^m*" ■ v = Q • <«>) • *?) + ok 

Moreover, if L is an ample class in some projective toric variety, and oj = L k , respectively 
7] = L d ~ k , then (6 + ,lo) > 0, respectively (6~,rj) > 0. 

In particular, ^r(<%)*w, regarded as a class in 13 fc , converges towards (0- • w) 0+ 
and by duality regarded as a class in H d_fc converges towards (t)(0 + ■ f])d - 

k * 

This result is the analog of [BFJ1 Corollary 3.6] in the context of monomial maps but in 
arbitrary dimensions. 
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